We report on the analytic computation of the planar master integrals relevant for the next-toleading order QCD corrections to the Higgs boson production in association with a jet in proton collisions, with exact top quark mass dependence. As a by product we compute the NLO QCD corrections to the decay width of the Higgs boson in a Z boson and a photon. The computation is performed with the differential equations method applied to a set of suitably chosen dimensionally regularized integrals.
Introduction
The discovery at the LHC of a new particle with a mass of around 125 GeV [1, 2] has raised the question whether the long sought Higgs boson of the Standard Model has been found. The experiments were able to confirm that the new particle is a boson since it decays in two photons, two Z bosons and two W bosons. Nevertheless more data and more precise theoretical predictions are needed to confirm the properties of the recently discovered particle.
The high p T distribution of the Higgs boson through the process pp → H + jet has been proven to be very sensitive to modifications of the Higgs-top coupling and to the effective Higgs-gluon coupling induced by new physics effects in many BSM models [3, 4, 5] . Also, the computation of H + jet production at NLO in perturbative QCD is of fundamental importance, being the theoretical uncertainties in this channel among the largest systematic errors of Higgs analysis [6] .
While finite top mass effects at NLO agree very well with the infinite top mass limit for small p T , they are no longer negligible when p T 150 GeV [7, 8, 9] . Nevertheless the rate for H + jet is known analytically with exact top mass only at LO, while the NLO rate is known analytically only in the infinite top mass limit [10] . We report on the computation of all the planar master integrals needed to compute the NLO QCD corrections to H + jet production retaining the exact top mass dependence [11] . In Sec. 2 we define the two relevant integral families. In Sec. 3 we present the differential equations method we used to compute the master integrals. Finally, in Sec. 4 we discuss the solution of the differential equations in terms of iterated integrals.
The same set of master integrals is relevant for the computation of the NLO QCD corrections to the decay width of H → Zγ [12] . Measuring Γ H→Zγ might provide much information on the process underlying the boson decay. Modifications of the Higgs couplings to Zγ are expected if the boson has a different origin [13] , if it is a composite state [14] , and if new scalar colorless particles, leptons, vector bosons coupling to the Higgs are exchanged into the loops [15] . Moreover the decay channel is clean and suitable for precision experiments. The Z boson may decay leptonically -the final state of H → Zγ is a lepton pair and a photon -or hadronically -the final state is formed by two jets and a photon. However the two-jet plus photon final state is overwhelmed by the QCD background. Conversely, because of the smaller pp → l − l + γ background, the decay H → Zγ → l − l + γ is much cleaner, and allows for a peak effective mass resolution of about 1-3% [16] .
The LO corrections to the decay width have been computed a while ago, but they provide an analytic result with a rather large uncertainty (10 %) [17] , while the NLO QCD corrections were known only numerically [18] . We report on the analytic computation of the NLO QCD corrections to the H → Zγ decay width [12] . The impact of these corrections is discussed in Sec. 5.
Integral families
The integrals we are interested in can be parametrized in terms of two integral families. We define the following set of inverse propagators for family (a),
and likewise the inverse propagators of family (b),
The most general integral is defined in D = 4 − 2ε space-time dimensions as:
We consider the production of an heavy particle H of mass p 2 4 via the scattering process,
where 5) and they are related to the external mass by
The integrals are functions of three invariants, s, t, p 2 4 , normalized to the internal mass m 2 .
The full set of integrals is reduced to a minimal set of independent integrals, dubbed master integrals, using the computer program FIRE5 [19] . We compute the master integrals in the euclidean region s < 0, t < 0, p 2 4 < 0, m 2 > 0, where no branch cut ambiguities are present. It is then possible to analytically continue the result to the physical region using Feynman prescription, assigning a positive vanishing imaginary part to the external invariants and a negative vanishing imaginary part to the internal masses.
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Canonical form of the differential equations
In order to analytically compute the master integrals we rely on the differential equations method [20, 21, 22] applied to a modified basis of integrals defined to be pure functions of defined weight [23] 1 .
Provided a set of N scalar loop integrals f , depending on a set of variables x, and working in D = 4 − 2ε dimensions, it is possible to define a system of first order differential equations for the integrals, that can be written in total generality as (
where A m (x, ε) is an N × N matrix with rational entries of its variables. The matrix A m (x, ε) satisfies the integrability condition
where
The choice of the integral basis is not unique. Performing a linear transformation B(x, ε) of the integral basis the system of differential equations transforms according to
In [23] it was conjectured that with a proper basis choice it is possible to factorize out the ε dependence of the differential equations:
Such a system of differential equations is said to be in canonical form. The main virtue of the canonical system of differential equations is that its solution is elementary, and it can be written for general ε in terms of a path-ordered exponential,
where C is a path connecting the boundary point to x. In practice it is convenient to express the solution as a power series around ε = 0. Denoting with f i (x) the coefficient of the order ε i , the different orders of the solution are related by the following recursive relation:
The previous relation shows that the solution is expressed to all orders of ε in terms of Chen iterated integrals [25] . The specific choice of the integral basis leading to the canonical form of the differential equations was achieved using ideas outlined in [23] . It is known that integrals with constant leading singularities [26] satisfy canonical differential equations. Using generalized cuts we look for (combinations of) integrals with simple leading singularities, that can be normalized to unit rescaling
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Two-Loop exact top mass corrections to H+jet production Francesco Moriello the candidate integrals. This typically leads to a form close to the canonical form. The remaining unwanted terms can be then algorithmically removed from the differential equations shifting the integral basis [27, 28] . When the canonical basis is found, the matrix elements of A(x) are Q-linear combinations of logarithms. (The logarithms arguments are known as the letters of the differential equations, while the set of letters is known as the alphabet.) The solution is expressed in terms of pure functions of uniform weight corresponding to the order of the ε expansion. As we will see in the next section, these considerations will be fundamental for the solution of the differential equations.
Solution of the differential equations
The function alphabet for the integrals under consideration contains seven independent square roots that cannot be rationalized via a variable change. This means that it is not possible to integrate Eq. (3.6) in terms of Goncharov polylogarithms [29] . However we can find an expression in terms of these functions using the concept of the symbol [29, 30, 31] of an iterated integral. The symbol corresponds to the integration kernels defining the iterated integrals. For the integral basis is chosen to be of uniform weight the symbol of the solution is completely manifest in our differential equations approach:
The corresponding polylogarithmic functions can be found proceeding in the following algorithmic steps [31, 32] . First, one generates a list of function arguments as monomials in the letters appearing in the alphabet. For the classical polylogarithms Li n (x 1 ), one requires that 1 − x 1 factorizes over the letters appearing in the alphabet. (A caveat is that in principle "spurious" letters might be needed [32] .) For Li 2,2 (x 1 , x 2 ), the condition is that 1 − x 1 , 1 − x 2 , 1 − x 1 x 2 factorize over the alphabet. Second, for each weight i, one chooses a maximal set of linearly independent functions for the alphabet (the linear independence can be verified using the symbol). By construction, we can solve the differential equations at every order in terms of this set of functions. Third, we determine the terms in the kernel of the symbol at order ε i writing the most general ansatz in terms of the lower weight functions, and solving the differential equations at order ε i for the free coefficients of the ansatz. When solving the differential equations in terms of the above functions there is a certain freedom in the choice of the set of function arguments. The choice is usually guided by trying to make certain properties of the answer manifest, such as simple branch cut properties. We require the functions to be real valued in the euclidean region s < 0, t < 0, p 2 4 < 0, m 2 > 0. This choice results in a faster numeric evaluation.
In practice we find that the alphabet under consideration is quite large so that a reasonably fast computer implementation of the algorithm is challenging. However we use symbol based techniques to reconstruct polylogarithmic functions up to weight two (where the alphabet letters contributing to the result are a relatively small subset of the full alphabet). We then resort to the Chen integral representation of the solution to define a one-fold integral representation of the answer at weight three and four. Parametrizing the integration contour C with t ∈ [0, 1], Eq. (3.6)
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In this language when the weight two functions are known analytically, the weight three functions are one-fold integrals. The weight four functions are two fold integrals of logarithms differentials, and they can be converted to one-fold integrals performing one integration by parts. The boundary conditions required to fix the solution are determined using the regularity of the pre-canonical integrals and the behavior of the algebraic factors defining the canonical basis in the boundary point. We find convenient to use the boundary point s = t = p 2 4 = 0. Regularity conditions can be determined using the algorithms of [33] . In the limit all the canonical integrals vanish except the bubble type ones, that can be nevertheless computed algorithmically in terms of Gamma functions.
We have validated the analytic expressions performing numeric checks against the computer program FIESTA3 [34] for randomly selected points of the euclidean region.
Application: phenomenology of the H → Zγ decay
In this section we assess the size of the NLO QCD corrections to the decay width of H → Zγ [12] . We also discuss the relative contributions of top-quark and bottom-quark diagrams. Table 1 , we report the LO corrections of the top-quark diagrams and the bottom-quark diagrams individually, and the top-bottom interference. The QCD width is dominated by the top diagrams, being the bottom contributes only one per mille of the full QCD LO width.
The NLO QCD corrections to the decay width are numerically tiny. In Fig. 2 , we plot the decay width as a function of the Higgs mass including the LO and NLO QCD contributions (topquark and bottom-quark). In Fig. 3 we plot the two-loop QCD correction for the top diagrams, the bottom diagrams, and the complete correction. Similarly to the LO the top correction is the dominant one, and interferes destructively with the bottom correction. In Table 3 we report the numeric values of the decay width for m H = 125.1 GeV and α S (m 2 H ) = 0.115: the two-loop QCD corrections amount to 0.22% of the LO width, with the top loop adding a 0.3% and the bottom loop subtracting a 0.08%. The NLO corrections are in full agreement with the independent analytic computation of [35] and the numeric results of [18] .
We note that the two-loop QCD contribution is about 75% of the one-loop QCD contribution. In principle higher QCD orders would be necessary to stabilize the QCD perturbative series. However up to NLO accuracy the QCD contribution is numerically tiny and much smaller than the EW corrections. This is shown in Table 2 where we report the total LO width (6.67 KeV), the relative contribution of the QCD loop, the W boson loop, and the QCD-W boson interference to the LO width. We see that the QCD corrections contribute only three per mille to the total width at LO. Thus we expect the NLO EW corrections to be more relevant than the QCD ones.
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Two-Loop exact top mass corrections to H+jet production The relative size of the NLO QCD corrections, δ QCD , to the decay width with respect to the leading order contribution. In this figure we plot the contribution of the top loop only, the bottom loop only, and the top and bottom loops.
